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Abstract
The XY Z antiferromagnetic model in linear spin-wave frame is shown explicitly to have an su(1, 2)
algebraic structure: the Hamiltonian can be written as a linear function of the su(1, 2) algebra gener-
ators. Based on it, the energy eigenvalues are obtained by making use of the similar transformations,
and the algebraic diagonalization method is investigated. Some numerical solutions are given, and the
results indicate that only one group solution could be accepted in physics.
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I. INTRODUCTION
As is well known, the Heisenberg model is a simple but realistic and extensively studied
solid-state system [1, 2]. According to the sign of the interaction intensity J , the model can be
classified as the ferromagnetic type and the antiferromagnetic one. Based on the interaction
intensity along the different space directions, the model can be labelled as the XXX , XXZ,
and XY Z ones. Recently, it has been found that the Heisenberg interaction is not localized in
spin system, and it can be realized in quantum dots [3, 4], nuclear spins [5], cavity QED [6, 7].
Thus, the study of this basic model is of interests and wide applications in physical fields. In
the investigation of these models, it is a basic task to get the exact solutions [8, 9, 10, 11, 12],
i.e., to diagonalize the Hamiltonian. So far, only some special Heisenberg models can be
exactly solved, such as XXX antiferromagnetic model [13]. In general, the linear spin-wave
[14, 15, 16] approximation is widely applied when we study the Heisenberg models. It has been
known that the XXZ model in linear spin-wave frame can be diagonalized by coherent state
operators [17, 18] of su(1, 1) algebra. However, for the XY Z model in this frame, the method of
the coherent states does not work. Therefore, it is necessary for us to develop another algebraic
diagonalization method to get the energy spectrum by using the algebraic structure which the
model has.
In this Letter, we review the su(1, 1) coherent states of the XXZ antiferromagnetic model in
linear spin-wave frame. Then, the XY Z antiferromagnetic model in linear spin-wave frame can
be written as the generators of su(1, 2) algebra. At last, the energy eigenvalues are obtained
in terms of the algebraic diagonalization method, and some numerical solutions are given and
discussed.
II. XXZ ANTIFERROMAGNETIC MODEL AND su(1, 1) COHERENT STATES
The Hamiltonian of the XXZ antiferromagnetic model reads:
HXXZ = −J
∑
<i,j>
(Sxi S
x
j + S
y
i S
y
j + ηS
z
i S
z
j ) (J < 0), (1)
where the notation < i, j > denote the nearest neighbor bonds. Starting from the two-sublattice
model and Holstein-Primakoff transformation [19]:
Sza = −s + a
†a, Szb = s− b
†b,
S†a = (2s)
1
2 (1− a†a/2s)
1
2a, S−a = (S
†
a)
†,
2
S†b = (2s)
1
2 b†(1− b†b/2s)
1
2 , S−b = (S
†
b )
†, (2)
where a+ and a, (b+, b) can be regarded as the creation and annihilation operators of boson
on sublattice A (sublattice B), respectively, but the particle numbers na = a
+a, nb = b
+b can’t
excel 2s, respectively. Because in low temperature and low excitation condition, < a†a >,<
b†b >≪ s, the non-linear interaction in Eq. (2) could be reasonable ignored [20]. Based on it,
transferring the operators into momentum space, we obtain
HXXZ = −2ZsJ(Nsη −
∑
k
Hk), (3)
Hk = η(a
†
k
ak + b
†
k
bk) + γk(akbk + a
†
k
b†
k
). (4)
Here
γk = Z
−1
∑
R
eik·R = γ−k, (5)
in which R is a vector connecting an atom with its nearest neighbor, and the sum runs over
the Z nearest neighbors. 2N is the total number of the lattices. Hk can be expressed as the
linear combination of the su(1, 1) algebra generators in the form
Hk = 2ηE
k
z + γk(E
k
+ + E
k
−), (6)
with
Ek+ = a
+
k
b+
k
, Ek− = akbk, E
k
z =
1
2
(na
k
+ nb
k
+ 1), (7)
which obey the commutation relations of su(1, 1) Lie algebra:
[Ek+, E
k
−] = −2E
k
z , [E
k
z , E
k
±] = ±E
k
±. (8)
By introducing an su(1, 1) displacement operator
W (ξk) = exp(ξkE
k
+ − ξ
∗
k
Ek−) (9)
with the coherent parameter ξk = re
iθ, then we have
W−1(ξk)HkW (ξk) = αE
k
z + (βE
k
+ + β
∗Ek−), (10)
where
α = 2η cosh 2r + γk(e
iθ + e−iθ) sinh 2r, (11)
β = ηeiθ sinh 2r + γk(cosh
2 r + e2iθ sinh2 r). (12)
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In order to diagonalize Hk, the coefficient before the non-Cartan generators E
k
+ and E
k
− of Lie
algebra, β, should be chosen to zero (here we set θ = 0 for simplicity) and this leads to
tanh 2r = −
γk
η
, α = 2
√
η2 − γ2
k
. (13)
So if we denote
|ξk >= W (ξk)|vac〉, (14)
then one has
Hk|ξk >= (na + nb + 1)ǫk|ξk >, (15)
ǫk = 2ZJs
√
η2 − γ2
k
, (16)
where requiring |η| ≥ |γk|. The diagonalization of the XXZ antiferromagnetic model in linear
spin-wave frame has turned out to be a direct product of su(1, 1) coherent states ⊗k|ξk〉. One
can see ǫk is the quantum of antiferromagnetic spin-wave, i.e. the dispersion relation. From
Eq. (15), it is known that for any k, there exist two branches of degenerate antiferromagnetic
spin-wave which the quasi-particle numbers are described by na and nb, respectively.
III. XY Z ANTIFERROMAGNETIC MODEL IN LINEAR SPIN-WAVE FRAME
WITH THE su(1, 2) ALGEBRAIC STRUCTURE
Owing to the different interaction intensity along the different space directions, in general,
the Hamiltonian of the XY Z antiferromagnetic model is described by
HXY Z = −J
∑
<i,j>
(ηxS
x
i S
x
j + ηyS
y
i S
y
j + S
z
i S
z
j )
(J < 0, ηx, ηy > 0), (17)
where we have set ηz = 1. Similar to the former case of the XXZ antiferromagnetic model,
the XY Z antiferromagnetic model in linear spin-wave frame is given by the Hamiltonian:
HXY Z = 2ZsJ [Ns− (
∑
k
Hk − 1)], (18)
Hk = a
†
k
ak + b
†
k
bk
+υk(akb
†
−k + a
†
k
b−k) + ρk(akbk + a
†
k
b†
k
),
(19)
with
υk =
ηx − ηy
2
γk, ρk =
ηx + ηy
2
γk. (20)
4
If we choose
Ik+ = a
+
k
b−k, I
k
− = akb
+
−k, U
k
+ = akbk,
V k+ = b
+
k
b+−k, V
k
− = bkb−k, U
k
− = a
+
k
b+
k
,
Ik3 =
1
2
(na
k
− nb−k),
Ik8 = −
1
3
(na
k
+ nb−k + 2n
b
k
+ 2), (21)
then, one can see they obey the commutation relations of su(1, 2) Lie algebra (here we omit
the momentum sign k):
[I3, I±] = ±I±, [I+, I−] = 2I3, [I8, Iα] = 0, (α = ±, 3)
[I3, U±] = ∓
1
2
U±, [I8, U±] = ±U±, [U+, U−] = I3 −
3
2
I8,
[I3, V±] = ∓
1
2
V±, [I8, V±] = ∓V±, [V+, V−] = I3 +
3
2
I8,
[I±, U±] = ∓V∓, [U±, V±] = ±I∓, [I±, V±] = ±U∓,
[I±, U∓] = [I±, V∓] = [U±, V∓] = 0. (22)
From Eqs. (19) and (21), Hk can be expressed as the linear combination of six generators of
Lie algebra su(1, 2) and processes su(1, 2) algebraic structure, i.e.,
Hk = I
k
3 −
3
2
Ik8 + ρk(I
k
+ + I
k
−) + υk(U
k
+ + U
k
−). (23)
IV. THE DIAGNOLIZATION AND THE EIGENVALUES
If we set the general linear combination form of Lie algebra su(1, 2) as
H0 = aI+ + bI− + cU+ + dU−
+eV+ + fV− + gI3 + hI8, (24)
for Hk (23), the coefficients in Eq. (24) are:
a = b = ρk, c = d = υk, e = f = 0,
g = 1, h = −
3
2
. (25)
Until now, the coherent state operator as Eq. (9) has not been found for the XY Z antifer-
romagnetic model in linear spin-wave frame. But following the standard Lie algebraic theory
[17, 21, 22, 23, 24], if H0 is a linear function of the generators of a compact semi-simple Lie
5
group, it can be transformed into a linear combination of the Cartan operators of the corre-
sponding Lie algebra by
H1 =WH0W
−. (26)
Here W =
∏N
i=1 exp(xiAi) is an element of the group and W
− denotes the inverse of W, in
which Ai (i = 1, ..., N) is a basis set in Cartan standard form of the semi-simple Lie algebra,
and xi can be set to zero if the corresponding Ai is a Cartan operator. By choosing
W = exp(x31V+)exp(x21I−)exp(x32U−)
exp(x12I+)exp(x23U+)exp(x13V−), (27)
and letting the coefficients of the non-Cartan operators vanish, while substituting Eqs.
(24)(25)(27) into the right-hand side of Eq. (26), we get a complete set of algebraic equa-
tions of xij after lengthy computation:


−(h + 1
2
g)x13 + (a+ dx13)x23 = 0
c+ bx13 + (
1
2
g − h)x23 + dx223 = 0
a+ dx13 − (g + dx23)x12 − bx212 = 0,
(28)
and the Hamiltonian after the transformation of W becomes diagonal:
H1 = WH0W
−
= (g + dx23 + 2bx12)I3 + (h−
3
2
dx23)I8. (29)
One can see that although operatorW is not unitary, the similar transformation (26) guarantees
that the eigenvalues of H0 equal those of H1. This is acceptable for we are only concerned
with the eigenvalues. If the total particle number N = na
k
+ nb−k + n
b
k
(na
k
= a†
k
ak, n
b
−k =
b†−kb−k, n
b
k
= b†
k
bk), from Eq. (22), [Γ,N ] = 0 (Γ = I±, V±, U±, I3, I8) holds. Hence, supposing
the common eigenstates of the Cartan generators I3 and I8 of Lie algebra su(1, 2) are the Fock
states | na
k
, nb−k, n
b
k
>, i.e., for the commutative set {I3, I8,N} there exist:
I3 | n
a
k
, nb−k, n
b
k
>=
1
2
(na
k
− nb−k) | n
a
k
, nb−k, n
b
k
>,
I8 | n
a
k
, nb−k, n
b
k
>
= −
1
3
(na
k
+ nb−k + 2n
b
k
+ 2) | na
k
, nb−k, n
b
k
>,
N | na
k
, nb−k, n
b
k
>
= (na
k
+ nb−k + n
b
k
) | na
k
, nb−k, n
b
k
> . (30)
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From Eqs. (29)(30) it follows the eigenvalue of the Hamiltonian (23):
E = ωa
k
na
k
+ ωb
k
nb
k
+ ωb−kn
b
−k + ω
E
k
,
ωa
k
= (
1
2
g −
1
3
h+ bx12 + dx23),
ωb
k
= (−
2
3
h+ dx23),
ωb−k = (
1
2
g −
1
3
h− bx12),
ωE
k
= −
2
3
h+ dx23, (31)
where the coefficients b, d, g, h, are given in Eq. (25) and xij can be obtained by solving Eq.
(28), and ωa
k
, ωb
k
, ωb−k are the energies of the three different magnons respectively. In fact,
the order of the operators in W can be chosen arbitrarily, but the coefficients xi are strongly
dependent on the order. Although any specified order has a solution, a properly chosen order
can simplify the procedure to get the xi. In general, for the Hamiltonian with su(n) (whose
Cartan operators are Aii = b
+
i bi) or the isomorphic algebra su(p, q) (p+ q = n) structure, the
transformation operator W can be chosen as
W = exp(xN1AN1)exp(xN2AN2)...
exp(x2NA2N)exp(x1NA1N ), (32)
where the order of the operators of exp(xijAij) (i 6= j) is arranged according to the roots of Aij
in a decreasing way. For example, the root of AN1 is highest, and that of A1N is lowest. As a
rule of our choice, the right or left Aij in Eq. (32) is the one that is missing in the Hamiltonian
H0; the middle operators sequence forms a circle root diagram. With this specification, in our
experience the coefficients xij are relatively easy to work out. We also choose the form ofW in
Eq. (27) as exp(x13V−)exp(x12I+)exp(x23U+)exp(x21I−)exp(x32U−)exp(x31V+), and it can be
proofed they lead to the same eigenvalues.
V. NUMERICAL SOLUTIONS
From the Eq. (28), maybe there have several sets of solutions, which consist the complete
set. But the different sets of the slutions cannot be the eigenstate of the Hamiltonian (19) or
(23) simultaneously. Only those who possess the physical meaning is the solutions we need.
In order to illustrate it, we consider a concrete example of the Hamiltonian (19) or (23) with
ηx = 0.8, ηy = 0.5, γk = 1. Then vk = 0.15, ρk = 0.65. Using maple, one can show that there
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are six sets solutions of Eq. (28), in which only one set x13 = −0.6018692595e − 1, x23 =
0.9389946768e − 1, x12 = 0.4827143955 leads to the positive energy ωak = 1.327849277, ω
b
k
=
1.014084920, ωb−k = 0.6862356430 of the magnons. It is clear that only this solution is the
accepted in physics. Other five sets solutions (with negative energy) are non-physical. This
procedure is easily to be taken in solving the Eq. (28) and Eq. (23).
VI. CONCLUSION AND REMARKS
In conclusion, the eigenvalue problems of the XY Z antiferromagnetic model in linear spin-
wave frame is solved from an algebraic point of view. To use this algebraic diagonalization
method, first, it is needed to find the algebraic structure of the Hamiltonian and manage to
write the Hamiltonian into a linear combination form of the algebraic generators just as Eq.
(23). Second, according the particular structure of some Lie algebra, one may looking for
the transformation operator. The key is that we can let the coefficients of the non-Cartan
operators vanish successfully and get the solvable equations of the parameters through the
transformation. Some numerical solutions check our diagonalization method, whose advantage
is that the eigenvalues of H0 equal those of H1 although the Hamiltonian changes. Due to
the different interaction intensity along the different space directions for the Heisenberg model,
the complication in physical model leads to the enlargement of the algebra structure, such as
the XXZ case to the XY Z case corresponds to the su(1, 1) algebra to the su(1, 2) one. Of
course, the change of the algebra structure brings the different method in diagonalizing the
Hamiltonian. It is reasonable to believe that more useful physical applications of the algebraic
diagonalization method should be found. It may be possible to extend this case to higher-rank
Lie algebras.
Acknowledgments
This work is in part supported by the National Science Foundation of China under Grant
No. 10447103, Education Department of Beijing Province and Beihang University.
[1] P. R. Hammar et al., Phys. Rev. B 59, 1008 (1999).
[2] S. Eggert, I. Affleck, and M. Takahashi, Phys. Rev. Lett. 73, 332 (1994).
8
[3] D. Loss and D. P. Divincenzo, Phys. Rev. A 57, 120 (1998).
[4] G. Burkard, K. Loss, and D. P. Divincenzo, Phys. Rev. B 59, 2070 (1999).
[5] B. E. Kane, Nature (London) 393, 133 (1998).
[6] A. Imamoglu et al., Phys. Rev. Lett. 83, 4204 (1999).
[7] S. B. Zheng and G. C. Guo, Phys. Rev. Lett. 85, 2393 (2000).
[8] S. Jin et al., Commun. Theore. Phys. 43, 681 (2004).
[9] H. B. Zhang et al., Chin. J. Phys. 43, 364 (2005).
[10] F. Pan and J. P. Draayer, J. Phys. A., 34, 2637 (2001).
[11] F. Pan, V. G. Gueorguiev and J. P. Draayer, Phys. Rev. Lett., 92 112503 (2004).
[12] S. K. Kim and J.L. Birman, Phys. Rev. B 38, 4291 (1988).
[13] H. A. Z. Bethe, Soviet Phys. JETP 34, 7 (1958).
[14] P. W. Anderson, Phys. Rev. 83, 1260 (1951).
[15] R. Kubo, Phys. Rev. 87, 568 (1952).
[16] J. Callaway, Quantum Theory of the Solid State, Academic, New York (1976).
[17] W. M. Zhang, D. H. Feng and R. Gilmore, Rev. Mod. Phys. 62, 867 (1990).
[18] B. H. Xie, H. B. Zhang and J. L. Chen, Commun. Theore. Phys. 38, 292 (2002).
[19] T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940)
[20] C. Kittel, Quantum Theory of Solids, Wiley, New York (1963).
[21] R. Gilmore, Lie Group, Lie Algebra and Some of Their Applications, New York: Wiley (1974).
[22] J. Q. Cheng, Group Representation Theory for Physicists, Singapore: World Scientific (1989).
[23] J. E. Humphreys, Introduction to Lie Algebras and Representation Theory, Berlin: Springer
(1972).
[24] Q. L. Jie, S. J. Wang and L. F. Wei, J. Phys. A 30, 6147 (1997).
9
